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We present some deterministic schemes to construct universal quantum gates, that is, controlled- 
NOT, three-qubit Toffoli, and Fredkin gates, between flying photon qubits and stationary electron- 
spin qubits assisted by quantum dots inside double-sided optical microcavities. The control qubit 
of our gates is encoded on the polarization of the moving single photon and the target qubits are 
encoded on the confined electron spins in quantum dots inside optical microcavities. Our schemes 
for these universal quantum gates on a hybrid system have some advantages. First, all the gates 
are accomplished with a success probability of 100% in principle. Second, our schemes require no 
additional qubits. Third, the control qubits of the gates are easily manipulated and the target qubits 
are perfect for storage and processing. Fourth, the gates do not require that the transmission for 
the uncoupled cavity is balanceable with the reflectance for the coupled cavity, in order to get a 
high fidelity. Fifth, the devices for the three universal gates work in both the weak coupling and 
the strong coupling regimes, and they are feasible in experiment. 

PACS numbers: 03.67.Lx, 42.50.Ex, 42.50.Pq, 78.67.Hc 
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I. INTRODUCTION 



Quantum logic gates lie at the heart of quantum infor- 
mation processing. Two-qubit controlled-not (CNOT) 
gates together with single-qubit gates are sufficient for 
universal quantum computing [J |j|< The optimal syn- 
thesis and the "small-circuit" structure for two-qubit sys- 
tems have been well solved , while the case for multi- 
qubit systems is quite complex. Up to now, it has also 
been an open question. That is, it is significant to seek 
a simpler scheme for directly implementing multi-qubit 
gates. In the domain of three-qubit gates, Toffoli and 
Fredkin gates have attracted much attention and both 
these two gates are universal. Together with Hadamard 
gates, they form a universal quantum computation ar- 
chitecture @, Moreover, they play an important role 
in phase estimation [l[ , complex quantum algorithms Q , 
error correction [Io| , and fault tolerant quantum circuits 

m. 



Quantum logic gates between flying photon qubits and 
stationary (matter) qubits hold great promise for quan- 
tum communication and computing since photons are the 
perfect candidates for fast and reliable long-distance com- 
munication because of their robustness against decoher- 
ence, while the stationary qubits are suitable for proces- 
sor and local storage. In 2005, Liang and Li [12| chose 
atoms or ions as the matter qubit to discuss the realiza- 
tion of a two-qubit SWAP gate. One of the attractive 
candidates for a stationary qubit is the electron spin in a 
Ga As-based or In As-based charged quantum dot (QD). 
The electron-spin coherence time of a charged QD j!3l - [l8| 
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can be maintained for more than 3 /is [19L |20I ] using spin 
echo techniques, and the electron spin-relaxation time 
can be longer (~ ms) [U [22[ . Moreover, it is compar- 
atively easy to incorporate a QD into a solid-state cav- 
ity, and fast QD-spin cooling and manipulation have had 
some significant progress [23-26]. These results indicate 
that the excess electron spin confined in a QD can be used 
for a stable and scalable quantum computation. Based 
on a singly charged QD inside an optical resonant cavity 
[H [Hi, in 2010 Bonato et al. [H proposed a theoreti- 
cal scheme for a CNOT gate with the confined electron 
spin as the control qubit and the polarization photon as 
the target qubit. This QD-cavity system has been used 
for a two-photon Bell-state analyzer, entanglement gen- 
erators, teleportation, entanglement swapping, quantum 
repeaters, entanglement purification and concentration, 
and hyperentangled-Bell-state analysis {27M35I ] . 

Different from the work by Bonato et al. 29] in which 
they presented a scheme for a CNOT gate with a confined 
electron spin in a QD as the control qubit and a flying 
photon as the target qubit, we first present a determin- 
istic scheme for constructing a CNOT gate on a hybrid 
system with the flying photon as the control qubit and 
the excess electron in a QD as the target qubit. Also, we 
propose two deterministic schemes for constructing the 
Toffoli and Fredkin gates on a three-qubit hybrid sys- 
tem. In our work, the control qubits of our universal 
gates are encoded on the moving photon qubit (i.e., the 
two polarization states of a single photon, denoted by \R) 
and \L)), while the target qubit is encoded on the spin of 
the excess electron confined in a QD inside an optical mi- 
crocavity (denoted by | f) and \ I))- These three schemes 
for the universal gates require no additional qubits, and 
they only need some linear optical elements besides the 
nonlinear interaction between the moving photon and the 
electron in a QD inside an optical microcavity. It is worth 
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pointing out that these gates are robust because they do 
not require that the transmission for the uncoupled cav- 
ity is balanceable with the reflectance for the coupled 
cavity in order to get a high fidelity, different from the 
hybrid gates which are encoded on the spin confined in 
a QD inside a single-sided cavity 28] . The fidelities and 
the efficiencies of our gates are discussed. A high fidelity 
and a high efficiency can be achieved in both the strong 
and the weak regimes, and our devices are feasible with 
current experimental technology. 

This paper is organized as follows: In Sec|TTl we briefly 
review a singly charged QD in a double-sided optical mi- 
crocavity. In Sec lIIIl we propose a deterministic scheme 
for constructing a two-qubit CNOT gate between a fly- 
ing photon (the control qubit) and a stationary electron 
(the target qubit) confined in a QD. The fundamental 
three-qubit gates, Toffoli (control-CNOT) and Fredkin 
(control-SWAP) gates, on a three-qubit hybrid system 
are constructed in SecslIVI and [V] respectively. The fi- 
delity, the efficiency, and the experimental feasibility of 
our schemes for hybrid quantum gates are discussed in 
Sec lVIl Some discussions and a summary are given in 
SeclVm 



and both the polarization and the propagation direction 
of the photon will be flipped. If the excess electron spin is 
in the state | |), the photon in the polarization state \R^} 
or \L^) will not couple to the dipole, and it will transmit 
the cavity and acquire a tt mod 2tt phase shift relative to 
a reflected photon. In the same way, for the photon in 
the state \R^) or \L^) (s z = —1), if the excess electron 
spin is in the state | f) , it will transmit the cavity. If the 
excess electron spin is in the state | i) , it will be reflected 
by the cavity. That is, this structure ( X ~— cavity sys- 
tem) acts as an entanglement beam splitter. It splits an 
initial product state of the system composed of an in- 
jecting photon and an electron spin into two entangled 
states via the transmission and the reflection of the pho- 
ton in a deterministic way. Compared with a single-sided 
QD-cavity system, the doubled-sided unit easily reaches 
a large phase difference (tt) between the uncoupled cavity 
and the coupled cavit y |28j . The device based on double- 
sided units is robust [28] . In the following, we investigate 
the construction of the universal hybrid quantum gates, 
that is, CNOT, Toffoli, and Fredkin gates, which take 
electron-spin qubits confined in QDs as the target qubits 
and a flying photon as the control qubit. 



II. A SINGLY CHARGED QD IN A 
DOUBLE-SIDED MICROCAVITY 

In 2009, Hu et al. [28[ proposed a double-side QD- 
cavity system, which can be used for quantum com- 
putation, quantum communication, and quantum stor- 
age. In this appealing system, a singly charged electron 
In(Ga)As QD or a GaAs interface QD is embedded in 
an optical resonant double-sided microcavity with two 
mirrors partially reflective in the top and the bottom. 
The excess electron-spin qubit in the QD promises scal- 
able quantum computation in solid-state systems, and it 
interacts with the cavity mode through the addition of 
a negatively charged exciton (X~) that consists of two 
electrons and one hole [H| created by excitation. The 
exciton determines the rules of the spin-dependent opti- 
cal transitions (depicted in FigfT]) j37|. In this work, we 
consider the dipole resonance with the cavity mode and 
the input photon. The rules of the input states changing 
under the interaction of the photon and the cavity can 
be described as follows: 
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There are two kinds of optical transitions between the 
electron and the exciton X~ , one involving the photon 
with the spin s z = +1 and the other involving the photon 
with the spin s z = — 1. For a photon with s z = +1 (\Bf) 
or l-Z^)), if the excess electron is in the spin state | t)i it 
couples to the dipole and will be reflected by the cavity, 
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FIG. 1: (a) A schematic diagram for a singly charged QD 
inside a double-sided optical microcavity. (b) Schematic de- 
scription of the relevant exciton energy levels and the spin 
selection rules for optical transition of negatively charged ex- 
citon. The symbols ft (4) and "f Q.) represent a hole and 
an excess electron with z-direction spin projections | + |) 
(| - §)) and 1 + 1) (| - |)), respectively. denotes a 

right-circularly polarized photon propagating along (against) 
the normal direction of the cavity z axis (the quantization 
axis) and \L<) (|i )) denotes a left-circularly polarized pho- 
ton propagating along (against) the z axis. 
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III. CNOT GATE ON A TWO-QUBIT HYBRID 
SYSTEM WITH A FLYING PHOTON AS THE 
CONTROL QUBIT 

The principle for a CNOT gate, which flips the tar- 
get electron-spin qubit if the control photon polarization 
qubit is in the state \L), is depicted in FigJ5] The flying 
photon p and the excess electron e in a QD are prepared 
in arbitrary superposition sates \tp) p = a c \R) + C \L) and 
W)e = <h\ t> +&| i) (here |a c | 2 + |/3 C | 2 = \a t \ 2 + \(3 t \ 2 = 
1), respectively. The subscripts p and e represent the 
photon and the electron, respectively. The CNOT gate 
can be constructed with the steps shown in Fig[2j 

First, the injecting photon passes through PBSi which 
transmits the photon in the polarization state \R) and 
reflects the photon in the state \L). That is, PBSi splits 
the photon into two wave-packets. The part in the state 
\L) is injected into the cavity and interacts with the QD, 
while the part in the state \R) transmits PBSi and does 
not interact with the cavity. After the control photon 
passes through PBSi, the state of the whole system com- 
posed of a photon and an electron is changed from |^ ) 
to |*i). Here 

|*0> = |V)p®|V>>e 

= (a c |i?)+/3 c |£))®(a t |t) + AU>), (2) 

= a c a t \R)\t) + a c pt\R)\l) 

+ p c a t \lS)\\)+m\tf)\i). (3) 

Before the photon coming from the spatial mode 2 
passes through PBS2, a Hadamard (H v ) operation is per- 
formed on it with a half- wave plate (HWP) which is used 
to complete the transformations 
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\R) -j={\R) + \L)), \L) 



1 



V2 



(\R)-\L)), (4) 



and a Hadamard (H e ) operation (e.g., using a n/2 mi- 
crowave pulse or optical pulse [H, H6|)is also performed 
on the electron to complete the transformations 



t) l->> = ^(|t> + U», 

1) -> 1 <-) = ^(i t) - 1 



(5) 



PBS2 will lead the photon to paths 3 and 4 when the 
photon is in the states \R) and \L), respectively. When 
the photon passes through path 4, it takes a phase shift 
7r (i.e., \L) — > —\L) and \R) — > —\R) when the photon 
passes through the device P„). That is, before the photon 
interacts with the QD inside the optical microcavity, the 
state of the photon-electron system becomes 



|* 2 > = a c \R){a t \ ->)+A| <-» 
1 

+ V 
1 



^ c at(|i^) + |Lt))(|t) + ||)) 

\PM&) + \tf)){\?)-\i)). 



The nonlinear interaction between the photon and the 
electron in the QD assisted by the optical microcavity 
makes the state of the system be changed as 



|*3) = a c \R){a t \^) + pt\+-)) 

\L')){\ t) - I I)) 



1 



+ Ij3 c a t (-\R±) 
+ I^ A (-|^)-|it ))( | t) + U)) . (7 ) 

When the photon p is in the state \R^), it passes through 
the phase shifter P^ and reaches PBS2 from path 4. 
When the photon p is in the state \L^) , it does not take a 
phase shift and reaches PBS2 from path 3. Whether the 
photon passes through the path 4 or path 3, it is emitted 
from path 5 after an H p operation is performed on it. 
Also, an H e operation is performed on the electron spin. 
After the photon passes through PBS3, the state of the 
system becomes 



1*4 



a c \R)(a t \t) 
Pc\L)(a t \D- 



■Alt)). 



(8) 



From Eq. <j8j) , one can see that the state of the electron 
(the target qubit) is flipped when the photon (the control 
qubit) is in the state \L), while it does not change when 
the photon is in the state \R), compared to the original 
state of the two-qubit hybrid system shown in Eq.([2|). 
That is, the quantum circuit shown in Figf2]can be used 
to construct a deterministic CNOT gate with a success 
probability of 100% in principle, by using the photon 
as the control qubit and the electron spin as the target 
qubit. 



IV. TOFFOLI GATE ON A THREE-QUBIT 
HYBRID SYSTEM 

A three-qubit Toffoli gate is used to perform a NOT op- 
eration on a target qubit or not, depending on the states 
of the two control qubits [8j . In the optimal scheme for 
decomposing a three-qubit gate, it requires at least six 
CNOT gates for implementing a Toffoli gate 38(, which 



increases the difficulty of its implementation by using the 
fundamental two-qubit gates and one-qubit gates. There- 
fore, it is desirable to seek a simpler scheme for directly 
implementing the three-qubit Toffoli gate. 

Our device for implementing a deterministic Toffoli 
gate on a photon qubit and two electron-spin qubits is 
shown in Figj3] When the control photon qubit (the 
flying photon) and the control electron-spin qubit (the 
electron in cavity 1) are in the states \L) and | I), re- 
spectively, the state of the target electron-spin qubit (the 
electron in cavity 2) is flipped; otherwise, the state of the 
target electron-spin qubit does not change. We describe 
this principle in detail as follows. 

Suppose that the flying photon qubit is prepared in an 
arbitrary superposition state 



(6) 



\i)) p = a p \R)+p p \L), 



(9) 
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FIG. 2: (Color online) The quantum circuit for constructing 
a deterministic CNOT gate with a flying photon polarization 
as the control qubit and a confined electron spin as the target 
qubit. PBSi (i = 1,2,3) is a polarizing beam splitter in the 
circular basis, which transmits the right-circular polarization 
photon \R) and reflects the left-circular polarization photon 
|L), respectively. HWP represents a half- wave plate which 
is set to 22.5° to induce the Hadamard transformations on 
the polarizations of photons. P n is a phase shifter that con- 
tributes a 7r phase shift to the photon passing through it. DL 
is the time-delay device for making the photons from modes 
1 and 5 reach PBS 3 simultaneously. Before and after the 
photon interacts with the electron spin in the QD inside the 
double-side optical microcavity, a Hadamard (H e ) operation 
is performed on the electron spin by using a 7r/2 microwave 
pulse or an optical pulse. 



and each of two independent excess electrons in cavities 
1 and 2 is prepared in an arbitrary state as 



/ei ' 
•>e 2 



a ei \ t)i+&iU)x. 
'-a e2 \ t)a + Aa| l>2- 



(10) 



Here the subscript 1 (2) represents the electron in cavity 
1 (2) and 

\a p \ 2 + \/3 p \ 2 = \a ei \ 2 + |/3 ei | 2 = \a e2 \ 2 + \(3 e2 \ 2 = 1.(11) 

We first inject the flying photon p from PBSi which splits 
the photon into two wave-packets, the part in the state 
\R) and that in \L). When the photon is in the state 
\L), it passes through PBS2 and is injected into cavity 1. 
When the photon is in the state \R), it transmits PBSi 
and does not interact with the cavity. After the photon 
passes through PBSi, the state of the whole system com- 
posed of a flying photon and two stationary electrons is 
changed from |$o) to Here 

|$0> = \i>)v® IV'>e 1 ® |V>)e 2 

= a p a ei \R)\ t)i(a e . 2 \ t) + Pe 2 \ l))2 
+ a p (3 ei \R)\ Di(a e2 \ t>+j8ej l»2 
+ (3 p a ei \L)\ t)i(a e2 | t)+/?e 2 | l»2 




out 



PBS, 



cavity 1 

FIG. 3: (Color online) Scheme for implementing a three- 
qubit Toffoli gate with a flying photon polarization and a 
confined electron-spin qubit as the two control qubits and 
another confined electron-spin qubit as the target qubit. 



+ /3^ ei |£>U>iK 3 |t)+^ 2 U)) 2 , (12) 

|$i) = a p a ei a e2 \R)\ ft) 12 + a p a ei fi e2 \R)\ U)i2 
+ a p /3 ei a e2 \R)\ |t)i2 + a p /3 ei ff e2 \R}\ U)i 2 
+ /3 p a ei a e2 \L^) \ ft) 12 + P P a ei P e2 \L^) \ t|)i 2 
+ (5 p p ei a e2 \tf)\ |t)i2 +/? P /3 ei /3e 2 |L t )| ID12. 

(13) 

The photon in the state \L') is injected into cavity 1 
and interacts with the QD inside the microcavity. This 
nonlinear interaction makes the state of the system be 
changed as 

I $2) = a p a ei a e2 \R)\tt)i2 + u p a ei P e2 \R)\U)i2 
+ a p f3 ei a e2 1 R) | Pf) 12 + a p fi ei /3 e2 1 R) | H) 12 

- p p a ei a e2 \L^)\ ft)i2 - P P a ei P e2 \L^)\ t|)i 2 
+ P p f3 ei a e2 \R±)\ |t) 12 +/3 P PMR^)\ U)i2- 

(14) 

Whether the photon is in the state \L>) from path 3 or 
the photon is in the state IR^) from path 4, it will be 
emerged in spatial mode 5 by PBS2. Before the photon 
from path 5 passes through PBS3 and then is injected 
into cavity 2, an H p operation is performed on it (i.e., 
passing through the HWP), and an H e operation is also 
performed on the electron in cavity 2. That is, before 
the photon interacts with the QD in cavity 2, the state 
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of the system becomes 
1*3) 



a p a ei a e2 \R) \ t^)i2 
a p ei a e2 \R}\ |->)i2 - 

1 /WeU|i^> - 1^))! t)i(| t) 



2 
1 

2 



a p a ei /3 e2 |i?>| t<-)i2 

l»2 



^a ei ^ 2 (|^)-|it))| t)l (| t ) 
|£ f »U>i(|t) 



-/3 p /3 ei /3 e2 (|i?J') + |^)U) 1 (|t> 



U»2 

|)) 2 . (15) 



The nonlinear interaction between the photon and the 
QD inside cavity 2 makes the state given by Eq. (fT5")) be- 
come 



I $ 4 ) = a p a ei a e2 \R) \ f- 



;i2 



-a p a ei ^ e2 |i?)| t< 
■a p p ei e2 \R)\ iir 



)12 



-^a ei a e3 (|^}-|Lt))| t } l( | t ) + U }) 2 



+ -/3 p a ei /3 e2 (|i?^)-|^))|t)i(|t)-|l»2 



1 

2 

i/3 p /3 ei « e2 (|i?^) + |^))||) 1 (|t)-|l))2 



- -/3 p /3 ei /3 e2 (|i?^) + |^»||) 1 (|t) + ll»2.(16) 

Next, an Hp operation (i.e., the HWP in path 8) is per- 
formed on the photon in the state \Rr) or the photon in 
the state \L*) coming from paths 7 and 6, respectively, 
and an H e operation is also performed on the electron 
in cavity 2. After these two operations, the state of the 
system becomes 

|$ 5 ) = a p a ei a e2 \R)\tt) 12 + a p a ei f3 e2 \R)\U) 12 

+ a p /3 ei a e2 \R)\ |t)i2 + a p /3 ei /3 e2 \R)\ 44)12 

+ /3 p a ei a e2 \tf}\ tt)i2 + /3 p a ei p e2 \tf)\ f4)i2 

- /3 p /3 ei a e2 |^)| 44)12-/^/^1^)1 4-t)i2- 

(17) 

After the photon passes through the HWP in spatial 
mode 8, it is led back to cavity 1. Before the photon 
reaches PBS4, it passes through a phase shifter P^. P^ 
makes \R 1 } and |L r ) in Eq.flTT]) become -\R l ) and -\L*), 
respectively. When the photon passes through cavity 1, 
the nonlinear interaction between the photon and the QD 
in cavity 1 induces the state of the system to be 



= a p a ei a e2 \R) \ ft) 12 + a p a ei /3 e2 \R) \ U)i2 

+ a p /3 ei a e2 \R)\ 4t)i2 + ct p l3 ei (3 e2 \R)\ 44) 12 

+ (3 p a ei a e2 \Lt) | ft) 12 + /Vei /?e 2 |i f ) I tl> 12 

+ /3 p /3 ei a e2 |Lt)| 44) u +/3 p /3 ei /3 e2 |^)| 44)12. 



(18) 



When the photon in the state \L') coming from cavity 1 
passes through PBS4 again, it is reflected to PBS5. When 



the two wavepackets from spatial modes 1 and 11 pass 
through PBS5 simultaneously, the system composed of 
the photon and the two electrons is in the state 



|$ 7 ) - a p a ei \R)\t)i(a e2 \t)+(3e 2 \i)h 

+ a p /3 ei \R)\ 4-)lOe 2 | t)+/?e 2 | |»2 

+ /3 p a ei |L)|t)i(a e2 |t)+/3e 2 |l»2 

+ /3 p /3 ei |L)U) 1 (a e2 ||)+/3 e2 |t» 2 . (19) 



From Eq. (|T9|) . one can see that the state of the tar- 
get qubit (i.e., the electron spin e 2 in cavity 2) is flipped 
when the flying photon p is in the state \L) and the con- 
trol electron-spin qubit e\ is in the state | compared 
to the state shown in Eq. (fT2"|) . Otherwise, it does not 
change. That is, the quantum circuit shown in Fig|3]can 
be used to construct a Toffoli gate on a three-qubit hy- 
brid system, by using the flying photon and the electron 
confined in the first optical microcavity as the two con- 
trol qubits and using the electron confined in the second 
microcavity as the target qubit. In principle, this Toffoli 
gate has a success probability of 100%. It is a determin- 
istic three-qubit gate. 
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FIG. 4: (Color online) Schematic setup for a deterministic 
three-qubit Fredkin gate with a flying photon polarization as 
the control qubit and two confined electron spins as the target 
qubits. Si and S2 are two optical switches. 
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FREDKIN GATE ON A THREE-QUBIT 
HYBRID SYSTEM 



The matrix representation of the three-qubit Fredkin 
mte can be written as 



Uf = diag 






















1 








1 





!) 















(20) 



in the basis |tt) 12, \R)\U)i2, |#)Ut}i2, \R)\ II) 12, 
\L)\ tt)ia, |i>| tl)i2, |L)Ut>ia,Ji)| U>12>. Here J 4 
is the four-dimensional unit matrix. That is, the gate 
implements a swap operation on two stationary electron- 
spin qubits when the control qubit (the flying photon p) 
is in the state \L). Otherwise, it does nothing. 

Now, let us discuss how to construct this thee-qubit 
gate. Its schematic setup is shown in FigJU Suppose 
that the initial state of the flying photon and the two 
stationary electrons confined in the two QDs inside two 
mocrocavities (cavity 1 and cavity 2) are \ip) p = a c \R) + 
(3 C \L) and |^) ej = a u \ f); + Pt t \ i)i (here i = 1,2, and 
Kl 2 + |/3 C | 2 = K| 2 + \P U \ 2 = 1), respectively. That is, 
the initial state of the whole system composed a photon 
and two electron spins can be written as 



|n ) = \i>) P ® 
= 10') 



(21) 



Here 



in': 



= a c a tx a t2 \R)\ ft) 12 + a c a tx Pt 3 \R)\ U)u 

+ a c p tl a t2 \R) I It) 12 + a c /3 tl f3 t2 \R) | II) 12. 

= l3 c a tl a t2 \L)\ ft) 12 + j3 c a tl j3 t2 \L)\ tl)i 2 

+ (3 c f3 tl a t2 \L)\ it) 12 + M tl Pt 2 \L)\ H) 12 . (22) 



Our scheme for a three-qubit Fredkin gate (see FigfJ} 
consists of three parts (three rounds). 

(i) The injecting photon is split into two wave-packets 
by PBSi, that is, the part in the state \R) and that in 
the state \L). The photon in the state \R) does not pass 
through the cavities, while the photon in the state \L) is 
injected into the cavities. Before the photon in the state 
\L) reaches PBS2, the state of the three-qubit hybrid 
system given by Eq. (|2"Tj) changes to be 



|ni) 



in': 



in'; 



(23) 



with 



in'/) 



p c a tl a t2 \tf)\ ft) 12 
P c f3 tl a t2 \L^)\it)i2- 



-f3 c a tl (3 t2 \tf)\n) 12 



(24) 

Since the photon in the state \R) does not pass through 
the cavities, \il' ) stays the same all the time and only 
|Oq) is changed. The nonlinear interaction between the 



photon and the QD inside cavity 1 makes be changed 
as 



|n 2 ') 



= -p c a tl a t2 \tf)\ ft)i2 
+ /3 c /3 tl a t2 |i? J -)||t)i2 + 



-pcatMtf)\n)n 

p c pMR±)\ u)i2- 

(25) 



After the photon interacts with the QD inside cavity 1, 
the emitting photon emerges in spatial mode 5. Next, 
the photon coming from path 5 is injected into cavity 2. 
After the photon interacts with the QD inside cavity 2, 
becomes 



|n 2 ') 



/8 c a tl a ta |L t )| ft) 12 

^^,1^)111)12 



(3 c a tl P t2 \R l )\n) 12 



(26) 



After the photon interacts with the QD inside cavity 2, it 
is emitted from path 8 whether it is in the state \R^) and 
comes from path 7 or it is in the state \L^) and comes 
from path 6. Therefore, after the first round, the state 
of the whole system becomes 

\n 2 ) = |ni) + |n£>, 

= a c a tl a t2 \R)\ ft) 12 + a c a tlJ 8 t2 |-R>l II) 12 
+ a c tl a t2 1 R) I It) 12 + atcPti Pt 2 \ R) \ II) 12 
+ p c a tl a t2 ft) 12 -PcatMR 1 ^ tl)i2 
- p c f3 tl at 2 \R l )\ tf)i 2 + p c pMtf)\ ||) 12 . 

(27) 

Combing Eqs. (l2"Tj) and (|26|) and FigJH one can find that 
the effect of this round can be described by a unitary 
matrix U , 
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(28) 



in the basis { I i?^) I ft) 12, 1^)1 tl)i2, \R l )\ It) 12, |i?+)| II 
)i2, |^)| tt)i2, |^)| tl)i2, |^)| ID12, |^)| ID12} as 
ISI3) = J/jflg) and Q' keeps the same one all the time. 

(ii) We lead the photon emitting from spatial mode 
8 back to cavity 1 by using the optical switches Si and 
5 2 (dashed line). After the second round, the photon 
emitting from spatial mode 8 is led back to cavity 1 again 
for the third round. Before and after the second round, 
an Hp operation (i.e., an HWP in path 9) is performed 
on the photon emitting from spatial mode 8, and an H e 
operation is also performed on each of the electrons in 
cavities 1 and 2 . Hence, before the third round, the 
state of the whole system is changed to be 
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+ {{H p ® H e ®H e )-U- {H p ® ff e ® ff B ))|fi£). 
= a c a tl a t2 1 R) | ft) 12 + o^tx ft 2 1 i?) | U) 12 
+ a c /3 tl a t2 |i?)| ;t}i2+a c /3 tl A 2 |E}| ||)i2 
+ p c a H a t2 \tf)\ W)v»-PcOtMl&)\ It) 12 

- p c p tl a t2 \F&)\ Uh2+PcPtMtf)\ U)i2- 

(29) 

(iii) After the third round, the state of the whole sys- 
tem becomes 

|fi 4 ) = 

+ U{p c a tl a t2 \tf)\ tt)i 2 - P c a tl j3 t2 \&)\ |t)i2 

- p c p tl a t2 \&)\ U)i2 + f3 c (3 tl (3 t2 \L^)\ 44)12), 
= a c a tl a t2 \R)\ tt)i2 + a c a tl t2 \R)\ U)u 

+ a c p tl a t2 \R)\ iDu + atcPtMR)] 44) 12 
+ p c a tl a t2 \tf)\ n)i2 + P c a tl (3 t2 \L^\ it) 12 
+ M tl a t2 \lS)\ U)u + WuPt 2 \tf)\ U)l2- 

(30) 

When the two wavepackets from spatial modes 1 and 8 
pass through PBS4 simultaneously, the system composed 
of the photon and the two electrons is in the state 

|fi B ) = a c \R)(a tl \ t> + AxU))i("t 2 l t> +A 2 U)) 2 
+ C \L) {a t2 1 1> + A 2 (a tl 1 1) + Ai U»2- 

(31) 



From Eq. ([31l) . one can see that the states of the two 
solid-state target qubits (the two electron spins in cavities 
1 and 2) are swapped when the photon qubit is in the 
state \L), while they do not swap when the photon qubit 
is in the state \R). The quantum circuit shown in Fig|4] 
can be used to construct the Fredkin gate on a three- 
qubit hybrid system in a deterministic way. 



input-output relations [4l| 



da 
~dt 

rlr, 

d r — Q>in 

d t = d' m 



i{uj c - lu) + k + 



a - ga- 



i{oj x - - w) + 



7 



cr_ — ga z d + G, 



'Ka, 
^nd. 



(32) 



Here a and cr_ are the cavity field operator and the X 
dipole operator, respectively. H and G are the noise 
operators related to the reservoirs. di n and d' in are the 
two input field operators, shown in FigfT] d r and dt are 
the two output field operators, cj, u> c , and wj- are the 
frequencies of the input photon, the cavity mode, and 
the X~ transition, respectively. 7/2 and k (k s /2) are 
the dipole decay rate and the cavity field decay rate (the 
side leakage rate) , respectively, g is the coupling strength 
between X~ and the cavity mode. By taking a weak 
approximation, the reflection and the transmission coef- 
ficients of the X~ — cavity system r{u>) and t{u) can be 
obtained as [28j 



r{uj) 
i(w) 



l+t(u), 



-K[i(u x - - w) + 



[>K- 



uj) + %}[i{uJc 



(33) 



In our works, we consider uj x - — u c — and the 
reflection and the transmission coefficients of the uncou- 
pled cavity (cold cavity, described with the subscript 0) 
and the coupled cavity (hot cavity) can be simplified as 



ro{w) 



io(w) 



(34) 



and 



VI. FIDELITIES AND EFFICIENCIES OF THE 
GATES 

A crucial component in our schemes for determin- 
istic hybrid quantum gates is the X ~— cavity system. 
The quantum circuits aforementioned for hybrid quan- 
tum gates are all under the ideal case in which the suc- 
cess probability for each gate is 100% in principle. Here, 
we assume that the Hadamard operation on the elec- 
tron is perfect as the spin manipulation technique is well 
developed by using pulsed magnetic-resonance, nanosec- 
ond microwave pulse, or pico second/femtosecond optical 
pulse techniques [25l [26I.I39I. |40| . The optical elements, 
such as PBS, HWP, and optical switches, are also as- 
sumed to be perfect, that is, the yield of the photon is 
100%. In a realistic A - — cavity system, the side leakage 
should be taken into account, and it affects the success 
probability of the device. The whole process can be rep- 
resented by the Heisenberg equations of motion and the 



r(u>) = I-K(cj), t(w) 



■9' 



(35) 



respectively. The rules for optical transitions in a realistic 
X ~ — cavity system system become [28l [29| 

\& I) 
|Lt |) 

\R l f) 



\r\\lS l) + \t\\& I), 
\r\\& i) + \t\\P |), 
-|*o||J^ t)-|ro||^ t), 
-\t \\L^)-\r \\R^). (36) 



From Eq . (|3"6"|) . one can find that the reflection and the 
transmission coefficients connect to the fidelities and ef- 
ficiencies of our universal quantum gates. Substituting 
Eq.([T]) with Eq. (|36[) . and combing the arguments made 
in Sec lIIH we find that the state of the system described 
by Eq.® becomes 

- a c a t \R)\ t) + a c p t \R)\ I) 
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2 
2 



(l*o| + N-|t|-|r|)|£)|t) 



(l*o| + |ro| 
(l*o| + |r | 
(l*o| + |r | 



l*l + M)|i)U) 
l*l + W)|£>|t> 
|t|-|r|)|L)U>. 



(37) 



The terms with underlines indicate the states which take 
the bit-flip error. 

Defining the fidelity of a quantum gate as F = 
|(* r |*i)| 2 . Here |* r ) and are the final states of the 
hybrid system in our schemes for quantum gates in the 
realistic condition and the ideal condition, respectively. 
Therefore, the fidelity of our CNOT gate on the two- 
qubit hybrid system discussed in Sec lIIII can be written 



F, 



CNOT 



ro 



(38) 



Similar calculations can be done for the Toffoli and the 
Fredkin gates on the three-qubit hybrid system discussed 
in Sees. |IV] and El respectively. That is, the fidelities 
of the Toffoli and the Fredkin gates Ft and Fp can be 
expressed as 



F T = 



[2 + M(M 2 -|<| 2 + M 2 + |i | 2 ) 



-\t \ (i 
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ro 



(39) 



Itol 2 )] 2 , 

Ff = i[4+(l + (|r |-|*l)(M-M)) 

x (Irj + lrol-ltl-ltoDdrl-lrol-ltl + N) 
\r \)(\t\ + \t \) 

-|i|) 2 + (|r |-|t |) 2 ) 

x ((M + |r |) 2 + (|t| + |to|) 2 )] 2 . (40) 



2(IH 



i((M 



Defining the efficiency of a quantum gate as the ratio 
of the number of the outputting photons to the inputting 
photons. The efficiency is also determined by the reflec- 
tion and the transmission coefficients of the X~ — cavity 
system. The efficiencies of these gates can be written as 



Vcnot 




(41) 



It is still a big challenge to achieve strong coupling in 
experiments. However, strong coupling has been demon- 
strated in various microcavity- and nanocavity-QD sys- 
tems recently (42lj46| . g/(tt + K s ) — 0.5 for micropillar 
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FIG. 5: (Color online) The fidelities of our three-qubit gates 
vs the side leakage rate k s /k and the coupling strength g/K. 
(a) The fidelity of our Toffoli gate (F T ). (b) The fidelity of our 
Fredkin gate (Ff). The solid (red), dashed-dotted (green), 
large-dashed (blue), and dashed (brown) lines correspond to 
g — 0.5k, g — 0.75s, g = 1.0k, and g = 2.4k, respectively. 
7 = 0.1k which is experimentally achievable and w x - — oj c — 
uj are taken here. 



microcavities with a diameter of 1.5 /zw and a quality 
factor of Q = 8800 have been reported (42j. Q is dom- 
inated by k and k s . For micropillar systems, Q can be 
increased to ~ 4 x 10 4 (<?/(« + k s ) ~ 2.4) by improv- 
ing the sample designs, growth, and fabrication (45j|. By 
taking high-Q micropillars and thinning down the top 
mirrors, Q can decrease to ~ 1.7 x 10 4 with k s /k = 0.7 
and g/(n + n s ) ~ 1.0, and the system remains in the 
strong coupling regime [311 ]. Recent experiments have 
indicated that the strong coupling can be achieved for 
d = 7.3 fim micropillars, where the side leakage is small 
compared with that of small micropillars [47[ ■ 

The relations between the fidelities of our Toffoli gate 
or our Fredkin gate and the side leakage rate k s /k and 
the coupling strength g/n are shown in Fig [5] The ef- 
ficiencies of our universal quantum gates are shown in 
Fig|6] For our schemes for hybrid quantum gates, in the 
weak regime, if g/n = 0.5 and k s /k = 0.25, Ft = 88.7% 
and F P = 74.5% with tjcnot = 88.2%, r? T = 72.4%, 
r] F = 60%; and Fr = 100% and F F = 73.5% with 
VCNOT = 93.1%, T] T = 81.9%, and r) F = 70.4% when 
k s /k — 0. In the strong regime, when g/n = 2.4 
and k s /k = 0.5, F T = 84.5% and F> = 98.2% with 
r/cNOT = 91.6%, r/T = 78.8%, and r) F = 66.5%. If 
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FIG. 6: (Color online) The efficiencies of our universal quan- 
tum gates vs the side leakage rate k s /k and the coupling 
strength g/n. (a) The efficiency of our CNOT gate (rjcNor)- 
(b) The efficiency of our Toffoli gate (t)t)- (c) The efficiency of 
our Fredkin gate (??f). The solid (red), dashed-dotted (green), 
large-dashed (blue), and dashed (brown) lines correspond to 
g = 0.5k, g = 0.75k, g = 1.0k, and g = 2.4k, respectively. We 
take 7 = 0.1k and ui x - — w c — u) for panels (a), (b), and (c). 



the cavity leakage can be neglected, both the fidelity 
and the efficiency can reach near-unity (F F = 100% 
and F F = 98.3% with tjcnot = 99.6%, r\ T = 98.7%, 
and i lF = 97.5%). F T = 80.6% and F F = 90.9% with 
rjcNOT = 88.2%, ri T = 72.2%, and rj F = 59.9% when 
g/n = 1.0 and k s /k = 0.7 (F T = 100% and F F = 91.1% 
with r] CN oT = 97.7%, rj T = 93.5%, and tj f = 87.8% 
when k s /k = 0). It is worth pointing out that g/n and 
k s /k does not affect the fidelity of our CNOT gate and 
it remains at unity. 

Note that there are two kinds of exciton dephasing in 
the QD, the optical dephasing, and the spin dephasing 



of X , caused by the exciton decoherence. Exciton de- 
phasing reduces the fidelity by the amount of 

[l-exp(-r/T 2 )] 5 (42) 

where r and Ti are the cavity photon lifetime and the 
trion coherence time, respectively. The optical dephasing 
reduces the fidelity less than 10% because the time scale 
of the excitons can reach hundreds of picoseconds (48l — 
[50j . while the cavity photon lifetime is in the tens of 
picoseconds range for a self-assembled In(Ga)As-based 
QD with a cavity Q factor of 10 4 — 10 5 in the strong 
coupling regime. The effect of the spin dephasing can 
be neglected because the spin decoherence time (T^ 1 > 
100ns) is several orders of magnitude lon ger than the 
cavity photon lifetime (typically r < lOps) [5ll453l |. 

In a realistic QD [e.g., for self-assembled In(Ga)As 
QDs], imperfect optical selection induced by heavy-light 
hole mixing reduces the fidelity by a few percent [54| . 
However, this undesirable mixing can be reduced by en- 
gineering the shape and the size of QDs or choosing the 
types of QDs. 

VII. DISCUSSION AND SUMMARY 

We have proposed some schemes for implementing de- 
terministic universal quantum logic gates between fly- 
ing photon qubits and stationary electron-spin qubits 
with linear optical elements. Different from the work 
in Ref.[29] which presents a scheme for a CNOT gate 
with the confined electron as the control qubit and the 
photon as the target qubit, the CNOT gate in our work 
takes the flying photon as the control qubit and the elec- 
tron as the target qubit. Compared with the two-qubit 
case, the works for implementing multi-qubit gates are 
generally quite complex and difficult. In this work, the 
schemes for constructing three-qubit universal quantum 
gates (Toffoli and Fredkin) in hybrid systems are also 
discussed. 

The control qubit of the gates in our work is encoded 
on the photon which is easy to be manipulated. The 
target qubits are encoded on the electrons confined in 
QDs inside optical microcavities which can be used for 
processor and quantum computation. It is worth men- 
tioning that our schemes require no additional qubits. 
This good feature reduces not only quantum resources 
but also errors. Since the electron-spin qubit is confined 
in a QD inside a double-sided microcavity, our gates are 
robust. The gate based on the single-sided QD-cavity 
system demands the transmission coefficient of the un- 
coupled cavity is balanceable with the reflection coeffi- 
cient of the coupled cavity to get a high fidelity [28[ . 

The cavity leakage and the cavity loss induce the 
bit-flip error and the different transmittance or re- 
flectance between the hot cavity and the cold cavity in 
an X~ — cavity system. These factors reduce the fidelity 
and the efficiency of our gates. We have shown that a 
high fidelity and efficiency can be achieved in both the 
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weak coupling regime and in the strong coupling regime 
in our schemes. If the cavity leakage is much lower than 
the cavity loss (the ideal case), the fidelity and the ef- 
ficiency of our gates can reach near-unity in the strong 
coupling regime. 
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